supplemented module and satisfies DCC on δ-supplement submodules and on δ-small submodules.
Introduction and preliminaries
In this note, all rings are associative with identity and all modules are unital right modules unless otherwise specified.
Let R be a ring and M a module. The concept of δ-small submodules was introduced by Zhou in [1] . Motivated by [2] [3] [4] , we study modules with ACC (resp., DCC) on δ-small submodules and prove that δ(M) is Noetherian (resp., Artinian) if and only if M satisfies ACC (resp., DCC) on δ-small submodules in Section 2. In Section 3, we give the concepts of (amply) δ-supplemented modules via δ-small submodules. It is shown that M is Artinian if and only if M is an amply δ-supplemented module and satisfies DCC on δ-supplement submodules and on δ-small submodules. In Section 4, we introduce the concept of δ-semiperfect modules and investigate the connections between δ-supplemented modules and δ-semiperfect modules.
Let M be a module and N ≤ M. N is said to be δ-small in M (see [5] The notions which are not explained here will be found in [6] . Lemma 1.1 (see [7, Proposition 5.20] 
Modules with chain conditions on δ-small submodules
In this section, we study modules with chain conditions on δ-small submodules and prove that δ(M) is Noetherian (resp., Artinian) if and only if M satisfies ACC (resp., DCC) on δ-small submodules. Let us start with the following. 
It is clear that N 1 ≤ N 2 ≤ ··· and so M fails to satisfy ACC on δ-small submodules. This completes the proof.
Recall that a module M has finite uniform dimension k, for some nonnegative k, if M does not contain any infinite direct sum of nonzero submodules and k is the maximal number of summands in a direct sum of nonzero submodules of M. In this case, we call k the uniform dimension of M, and write udimM = k. 
be an infinite direct sum of nonzero submodules of δ(M). For every i ≥ 1, let n i be a nonzero element of N i . Then n i R δ M. Thus n 1 R + n 2 R + ··· is an infinite direct sum of nonzero δ-small submodules of M. This is a contradiction and so δ(M) has finite uniform dimension.
Theorem 2.5. Let M be a module. Then the following statements are equivalent.
(
Proof. " (1)⇒ (2) Next we show that
) and hence S/A is finitely generated. This is a contradiction. Thus A = A ∩ B ≤ B and we have Proof. Proof. Assume M is amply δ-supplemented and f : M → N is any epimorphism. We want to show that N is amply δ-supplemented.
Proof. (1) Let N be any submodule of M containing δ(M). Then there exists a δ-supple-
Yongduo Wang 5 Since M is amply δ-supplemented, there exists a submodule X of M such that Proof. From Proposition 3.5, we know that every finite sum of δ-supplemented modules is a δ-supplemented module. Next we will show that every factor module of a δ-supplemented module is again a δ-supplemented module.
Proof. For δ(M), there exists
Let M be a δ-supplemented module and M/N any factor module of M. For any sub- 
